The confined variational method in conjunction with the orthogonalised pseudo-potential method and the stabilization approach is used to study the low energy scattering between two spin-polarized metastable positronium atoms Ps(2 3 S1). Explicitly correlated Gaussians basis functions are utilized to properly describe the complicated Coulomb interaction among the four charged particles. The calculated s-wave scattering length (26.3 a0) is positive, demonstrating the feasibility of formation of stable Bose-Einstein condensate of fully spin-polarized Ps(2 3 S1) atoms. This opens a new way of experimental realization of Ps condensate and development of γ-ray and Ps(2 3 S1) atom lasers. The positronium (Ps)atom, a hydrogen-like bound system of an electron and a positron, has two ground states, the singlet (1 1 S 0 ) and the triplet (1 3 S 1 ) states, known as para-Ps(p-Ps) and ortho-Ps( o-Ps), respectively. p-Ps decays into two gamma photons with a 0.125ns lifetime while o-Ps decays with 142ns lifetime into three gamma photons. The longer lived triplet Ps were amongst the first candidates [1] for Bose-Einstein condensation (BEC). BEC is one of the most interesting phenomena in quantum systems of bosons with important applications such as testing the weak equivalence principle and studying the effect of gravity on the quantum systems [2] . The small mass of triplet Ps allows much higher (20-30 K) Bose condensation temperature than that of atoms (20 nK), but the realisation of BEC of Ps is hindered with its short lifetime and the BEC was first observed in atomic system in 1995 [3] opening up a new era of ultracold quantum gases.
The positronium (Ps)atom, a hydrogen-like bound system of an electron and a positron, has two ground states, the singlet (1 1 S 0 ) and the triplet (1 3 S 1 ) states, known as para-Ps(p-Ps) and ortho-Ps( o-Ps), respectively. p-Ps decays into two gamma photons with a 0.125ns lifetime while o-Ps decays with 142ns lifetime into three gamma photons. The longer lived triplet Ps were amongst the first candidates [1] for Bose-Einstein condensation (BEC). BEC is one of the most interesting phenomena in quantum systems of bosons with important applications such as testing the weak equivalence principle and studying the effect of gravity on the quantum systems [2] . The small mass of triplet Ps allows much higher (20-30 K) Bose condensation temperature than that of atoms (20 nK) , but the realisation of BEC of Ps is hindered with its short lifetime and the BEC was first observed in atomic system in 1995 [3] opening up a new era of ultracold quantum gases.
In this Letter we explore an alternative possibility of using metastable Ps * (2 3 S 1 ) atoms for BEC. The metastable Ps * (2 3 S 1 ) atoms have a lifetime of 1136 ns which is eight times as long as the lifetime of o-Ps. Motivated by the longer lifetime we calculate the s-wave scattering length which governs the interaction between neutral particles at low temperatures and which has to be positive for BEC candidates. The accurate calculation of the scattering length of composite particle scattering is very difficult. The calculation is further complicated by the fact that the triplet Ps is in excited state. We will use the orthogonalised pseudo-potential (OPP) method [4, 5] to force the Ps atoms into their excited states and the confined variational method [6] with explicitly correlated Gaussians (ECGs) as basis functions to calculate the scattering properties.
Realization of the Ps BEC will make possible fundamental research and technical breakthroughs such as the stimulated collective annihilation [7] , which is often referred to as the gamma-ray laser [8] [9] [10] [11] and a Ps atom laser, which is a coherent Ps beam generated from a Ps-BEC. For example, a Ps atom laser has potential applications to precision spectroscopic measurement of Ps atoms [12] and to fundamental study of antimatter gravity [13] .
Theory for the spin-aligned Ps * -Ps * scattering.-The nonrelativistic Hamiltonian for the four-body system of (e + e + e − e − ) is written in the form
The positron coordinates are r 0 and r 1 while r 2 and r 3 denote the electron coordinates. To investigate the interaction of the (e + e + e − e − ) system near the energy threshold of two Ps * atoms, the OPP is constructed by summing over combinations of the Ps(1 3 S 1 ) projection operator
where λ is a large positive number and φ 1 3 S1 (r i − r j ) represents the wave function of the triplet ground state Ps(1 3 S 1 ). Since wave functions with a nonzero overlap with the Ps(1 3 S 1 ) orbital tends to increase the energy, eigen wave functions of H + λP for low energy levels will have a very small overlap with the state φ 1 3 S1 . The OPP method was first introduced by Krasnopolsky and Kukulin [4] will converge to those of theQĤQ Hamiltonian of the projection method [14] which is a widely-used computational strategy to study resonance and excited states of atoms and molecules. Compared with the projection method, the OPP method is easy to apply to the scattering systems.
In addition, the accuracy of the present calculations is based on the analytic properties of the ECGs as basis functions [15] [16] [17] [18] which are defined in the form
where x i = r i − r 0 is the relative coordinate from the zero-th particle to the i-th particle after the separation of the center-of-mass motion. As the ECG basis must be square integrable, each real A n matrix must be positive definite.
The (e + e + e − e − ) system possesses the rich symmetries including the electron interchange symmetry, the positron interchange symmetry, inversion parity, and charge parity. These symmetries can be described by a permutation group isomorphous with the molecular point group D 2h . A detailed analysis of the symmetries of Ps 2 is presented in Ref. [19] . For the fully spinaligned Ps * -Ps * scattering, the total spin operatorsŜ 2 andŜ z give good quantum numbers S = S z = 2. In our calculation of the s-wave scattering of this system, both inversion and charge conjugation parities are even. After taking into account these symmetry factors, the total symmetry projector applied to the spacial basis is (1 + P 02 P 13 )(1 − P 01 )(1 − P 23 ) where P ij is a permutation of spatial coordinates of particles i and j. The correlation effect between the particles plays a very important role in the (e − e − e + e + ) system and hence it is efficiently represented by the elements of A n matrixes. They are optimized through the minimization of the calculated energy using the confined variational method. The main idea is that a problem of continuum states is converted to a problem of bound states by adding in the Hamiltonian an confining potential χ cp (ρ). In principle, χ cp (ρ) may be in any kind of forms only if χ CP (ρ) = 0 for ρ < R 0 . In practice, the choice of the confining potential is determined by the feasibility of analytical integration with ECG basis. The confining potential used in this work is in the form
where ρ is the distance between centers of masses of two pairs of positron and electron and G is a small positive number. Since the size of Ps * (2 3 S 1 ) is about 10 a 0 and the van de Waals coefficient C 6 = 273 40a.u. [20] is large, R 0 = 50 a 0 is chosen to make the long-range interaction between them i.e. V L = −C 6 /ρ 6 reasonablely weak at the boundary R 0 . Compared with the typical values 17 a 0 ≤ R 0 ≤ 25a 0 for the low-energy s-wave elastic scattering of electron by the ground state helium [21] and of Ps(1 S) by the ground state hydrogen atom [22] , R 0 = 50 a 0 is large. Due to the exchange symmetry of the identical particles and their indistinguishability, the Schrödinger equation for the confined Ps * -Ps * system can be written in the form (6) where ρ 1 = |(r 0 + r 2 )/2 − (r 1 + r 3 )/2|; ρ 2 = |(r 0 + r 3 )/2 − (r 1 + r 2 )/2|; and r is the four-lepton vectors in the coordinate space. Besides the energy well-optimized interaction region ECG basis, a set of exterior basis functions are designed to describe the long-range interaction between two Ps * atoms. The functions are
φ Ps * is the Ps * wave function written as a linear combination of 20 ECGs which gave an energy of -0.062 499 99 a.u.. A total of 20 exponents α i are generally chosen to form an even tempered sequence given by the identity α i = α 1 /T i−1 with α 1 = 0.0001 and T = 1.78. To extract the scattering information from the scattering wave function for the low energy region, the stabilization method was used. After omitting the confining potential in Eq(6), the Schrödinger equation is solved in the full inner plus exterior basis to generate the set of positive energy pseudostates. The phase shift was derived by a least-squares fit to the overlap of wave functions of two Ps * atoms with each positive energy pseudostate. The overlap function, C(ρ) is defined as
Actually, the asymptotical expression of the s-wave scattering wave function , i.e. B sin(kρ + δ k )/ρ, is evaluated at ρ = 500 a 0 and then a numerical integration inwards is done in the presence of the dominant long range potential V L . The fit range is chosen as ρ ∈ [46a 0 , 50a 0 ] because of the big radius of Ps * . By fitting the phase shifts δ k for small wave number k to the effective-range expansion [23] 
the scattering length A 0 and effective range r 0 are obtained.
Results and discussion.- Table I presents the variation of the three lowest wave numbers, their corresponding swave scattering lengths and effective ranges for the fully spin-aligned Ps * -Ps * scattering at various stages of the optimization of the inner basis functions. Though all the inner basis sets are optimized with the OPP parameter λ = 1 and the strength parameter of the confining potential G = 1.86 × 10 −5 , λ = 5000 is used for all the stabilization calculations listed in this table. We try to increase the value of λ to 5500 but the calculations collapse. Since it is very time consuming to calculate the matrix elements of the OPP operator and the linear dependence easily occurs during the optimization, it is difficult for us to make each set completely optimized and hence difficult for us to get a convergent pattern from the calculations with these basis sets of different sizes. However, we can see that the scattering length A 0 and effective range r 0 become smaller as the basis size gets larger. Figure 1 plots the s-wave phase shifts δ k for the fully spin-aligned Ps * -Ps * scattering resulting from the stabilization calculations of the first three positive-energy pseudostates for each of three different values of the OPP parameter λ. The lines represent effective-range fits to the calculated phase shifts (shown by squares, filled circles and triangles in the figure) using Eq. (9) . All the calculations are performed with the same basis set composed of 5000 inner basis functions and 20 external basis functions. As expected, the overall accuracy of phase shifts improves as the value of λ increases from 100 to 5000. Other indication of the accuracy improvement is that if fitting with one more phase shift for λ = 5000 the mean absolute deviation almost does not change but it dramatically increases for either λ = 100 or λ = 1000. The s-wave scattering length A 0 and effective range r 0 for each value of λ are summarized in Table II . The trend of the value of A 0 along with the increase of λ indicates that its exact value is probably greater than 26.3a 0 . The listed values of r 0 spread over a wide range from −39.0a 0 to −1.01a 0 since r 0 is sensitive to the accuracy of phase shifts for such small momenta over which the fits are carried out. Therefore, we hardly estimate the uncertainty of the value r 0 = −1.01a 0 .
The existence of a weakly bound molecular state of Ps *
(
5 S 2 ) has recently been predicted by [24] . This state has the binding energy of 0.0021 Hartree below the relevant threshold −0.125 Hartree of two Ps * atoms. According to the angular-momentum-insensitive quantum defect theory [25] for a diatomic system with the −C 6 /ρ 6 long-rang interaction between them, the scattering length can be estimated from the binding energy of the weaklybound diatomic molecule. For the case of having an swave bound state close to the threshold, the scattering length is related to the binding energy by the following expression In Eq. (10), 0s is the scaled energy defined by
andĀ 0s = 2π/(Γ(1/4)) 2 is the mean s-wave scattering length [26] scaled by the length scale β 6 = (2µC 6 / 2 ) 1/4 . In addition, A 0s = A 0 /β 6 is the scaled scattering length while µ is the reduced mass. Using the expression Eq.(10), we obtain the approximate value of the scattering length A 0 ≈ 24.5a 0 . Though there exists 6.84% of the difference between the stabilization calculation and the estimate made from the binding energy such a comparison combining with the trends of A 0 shown in the tables I and II reflects the reliability of the scattering length A 0 = 26.3a 0 .
The positive value of the s-wave scattering length for the fully spin-aligned Ps * -Ps * scattering, namely 26.3a 0 , means that in principle it is feasible to produce a stable BEC of fully spin-aligned Ps * atoms. For the lowdensity Bosonic gas, the interaction is dominated by the low-energy s-wave scattering. Therefore, the s-wave scattering length play an important role in the accurate description of static and dynamic properties of low-density Bosonic gas. For a gas of Bosonic atoms trapped in a harmonic oscillator confining potential with an angular frequency ω HO and a harmonic oscillator length a HO = 1/(mω HO ), for example, the interaction scale is the ratio A 0 /a HO . For Ps * -BEC, this ratio becomes A 0 (Ps * )/a HO = 6.96eV −1/2 √ ω HO and it is larger than both A 0 (o-Ps)/a HO = 0.79 eV −1/2 √ ω HO for o-Ps and A 0 (p-Ps)/a HO = 2.16 eV −1/2 √ ω HO for p-Ps [27] . Com- [28] , the interaction effect in Ps * -BEC is effectively weak. Using the value of A 0 (Ps * )/a HO , not only the Gross-Pitaevskii equation can be solved to obtain the ground-state wave function (or order parameter) for Ps * -BEC but also the shift of the critical temperature for phase transition can be evaluated with the mean-field and semiclassical approximation [29] .
The fundamental requirement for the realization of Ps * -BEC is to accumulate a high enough number of Ps * atoms in a confined volume of space at low enough temperature. Recently there has been a growing interest in producing Ps * due to their various potential applications in fundamental physics [30] . The production of Ps * atoms by single-photon excitation was demonstrated by Alonso et al. in 2017 utilizing the Stark mixing between S and P sublevels in an electric field [31] . In 2018, Aghion et al.. conducted an experiment to produce Ps * atoms by spontaneous radiative decay of Ps(3 3 P J ) atoms [32] which were laser excited from Ps(1 3 S 1 ). However, the Ps * production rates were relatively low. The Ps * -BEC has various potential application in studying fundamental physics and making breakthrough technologies though it is a very challenging project to realize the Ps * -BEC. Ideally, it is possible to realize the transformation from Ps * -BEC to o-Ps-BEC through the stimulated transition from Ps * to o-Ps. It is also possible to produce the gamma-ray laser through the stimulated transition from Ps * to p-Ps and then the corresponding two-photon annihilation. Moreover, a coherent beam of Ps * atoms, so-called Ps * atom laser, can be generated from a Ps * BEC. Precision measurements of the fine and hyperfine structures of Ps with the principal quantum number n=2 and lifetime of Ps * would benefit from the Ps * -BEC as the coherent Ps * source. In addition, employing Ps * atoms in the high precision study of the matter-antimatter gravitation [33, 34] , it will not only overcome the short-lifetime limitation of o-Ps but also benefit from their less sensitivity to the external field [13, 35] , their higher ionization energy [36] and their fewer radiative decay channels than highly excited Rydberg Ps. Furthermore, a coherent beam of Ps * atoms as a tool is crucial for improving the measurement accuracy of matter-antimatter gravitation and antimatter-wave interferometry [32, 34, 37] and will definitely enrich the Ps chemistry.
Summary.-In the present letter, the near-zero-energy s-wave scattering between two fully-spin-aligned Ps * is studied with the combination of the OPP method, confined variational method and stabilization approach. The present value of the s-wave scattering length, namely 26.3a 0 , represents the first determination of this physical quantity for the scattering. The positive scattering length is particularly significant since it demonstrates the feasibility of forming a stable BEC of fully-spin-aligned Ps * atoms and hence the possibility of making a Ps * laser.
